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Motivations

There several (possibly conflicting) reasons for using multi grid approaches
when dealing with minimization:

• to reduce the computing cost,

• to improve the rate of convergence,

• to deal with non linearities.

However it may not be trivial for the ocean
• different behaviour at different resolution,

• requires handling of complex boundaries,

• can be technically challenging
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Multiscale

• different ”scales” are assimilated separately
• In general 2 assimilation kernels are used
• not all of them use multiple grids, but

> it can be used to acheive scale separation
> it can be used to save time assimilating large scales
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Low-res diffusion

Anthony’s correlation operator C∗ = N1/2L1/2W−1
f LT/2N1/2 can be

approximated by:
C = N1/2TL1/2

c W−1
c LT/2

c TT N1/2

Remarks:
• Other components of B (e.g balance) stay at fine resolution
• The transfer from fine to coarse is TT = ET FT where F is a smoothing

filter .
• The impact of FT is probably minor since it is followed by the application

of L which will do large-scale smoothing.
• The impact of F should be more important since E will produce step-like

fields on the fine grid, that will need to be smoothed accordingly.
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Preliminary results
If the prescribed decorrelation scales are large enough, the approximation is
reasonable. In examples below it is set to 4 times the fine resolution grid cell
size.
effect of C on isolated impulses is well representated with a coarsening ratio of
2, and tend to be diamond shaped with 3

By eye it is difficult to spot the difference on the increments, but the difference
shows isolated location where the error can reach 10%
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Nested

Local High resolution nested grids are used in the forecast model (Simon et al,
2010)
• No significant modification to the assimilation scheme
• Chalenges similar to that of coupled data assimilation
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Coarse grid analysis
Quite often, in order to save computing time, the analysis (and/or the
ensemble) runs at coarser resolution.
Few things one has to ask himself:
• Is the coarse dynamics representative enough?
• How to ’synchronize’ fine and coarse models?
• What about high resolution observations?
• Why not doing everything at coarse resolution?
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Variational Data Assimilation

lets consider the semi discretised model{ dx
dt = M(x), t ∈ [0,T ],

x(0) = x0,
(1)

The classical 4D-Var algorithm leads to solve

min
x0∈Rn

J(x0) =
1
2

∫ T

0
‖ y(t)−H[x(x0, t)] ‖2

O dt +
1
2 ‖ x0 − xb ‖2

X ,

(with
‖ x0 − xb ‖2

X := (x0 − xb)T B−1(x0 − xb))
and
‖ y(t)−H[x(x0, t)] ‖2

O= (y(t)−H[x(x0, t)])T R−1(y(t)−H[x(x0, t)])
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Incremental FormulationThe ’outer’ cost function:

J(δx0) =
1
2

∫ T

0
‖ y(t)−H[M(xb + δx0, t)] ‖2

O dt +
1
2 ‖ δx0 ‖2

X ,

That is then minimised using a solution algorithm based on incremental 4D-Var
(Gauss-Newton): (courtier et al. 1994)

min
δx(k)0 ∈Rn

J (k)(δx(k)
0 ) =

1
2

∫ T

0
‖ H(k)M(k)δx(k)

0 − δy(k−1)(t) ‖2
O dt

+
1
2 ‖ δx(k)

0 − δxb,(k−1) ‖2
X ,

• δxb,(k−1) = xb − xk−1
0 and δy(k−1) = δy(k−1) −H[M(x(k−1)

0 , t)]

• Inner problem: δx(k)
0 found using CG minimizer

• Outer problem: very few iterations k are affordable in practice.
• Setting Mk−1 = I gives the (much cheaper!) 3D-FGAT algorithm (widely

used in ocean DA).
Under the right hypotheses, GN converges locally to δx∗0 the minimum of J .
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Multigrid scheme 1: multi-incremental

This can be extended to the multi-incremental 4D-Var (Veersé and Thépaut,
1998) aka Perturbed GN where the inner problem is solved at a lower resolution
δx(k)

0,c = Ic
f δx(k)

0 with possibly simplified physics ; Same Non linear problem:

J(δx0,f ) =
1
2

∫ T

0
‖ y(t)−Hf [Mf (xb

f + δx0,f , t)] ‖2
O dt +

1
2 ‖ δx0,f ‖2

X ,

the inner loop becomes

min
δxk

0,c∈Rm
J (k)

c (δx(k)
0,c) =

1
2

∫ T

0
‖ H(k)

c M(k)
c δx(k)

0,c − δy(k−1)(t) ‖2
O dt

+
1
2 ‖ δx(k)

0,c − Ic
f δxb,(k−1)

f ‖2
X ,
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This algorithm converges locally toward δx̃∗0 6= δx∗0 (Gratton et al. 2007) , approx-
imation that can degrade the analysis (Trémolet 2007) depending on how HcMc
approximates Hf (Mf (.)).
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Multigrid schemes 2: GN Multi Grid
(Neveu 2011) Proposed to use a FAS scheme to solve the inner loops instead
(GN-MG) where the outer iterations remain:

J(δx0,f ) =
1
2

∫ T

0
‖ y(t)−Hf [Mf (xb

f + δx0,f , t)] ‖2
O dt +

1
2 ‖ δx0,f ‖2

X ,

the inner loop becomes:
1. look for (1-2 iterations)

min
δxk

0,f ∈R
n
J (k)

f (δx(k)
0,f ) = Jo(k)

f (δxk
0,f ) + Jb(k)

f (δxk
0,f ),

2. from δx∗(k)0,f

min
δxk

0,c∈Rm
J̃ (k)

c (δx(k)
0,c) = J (k)

c (δxk
0,c)−

〈
∇Jc(Ic

f δx∗(k)0,f )− Ic
f ∇J f (δx∗(k)0,f ), δxk

0,c

〉
︸ ︷︷ ︸

JFAS

,

3. update δxk
0,f = δx∗k0,f + I f

c (δx∗k0,c − Ic
f δx∗k0,f ) and search again (1-2 iterations)

for
min

δxk
0,f ∈R

n
J (k)

f (δx(k)
0,f ).
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Resulsts
At last we have a multigrid methods that solve the original problem while being
(hopefully) efficient. Let’s see how it behave in practice:

• 2D Shallow Water model
• 2 grids, refinement ratio 3
• 4Dvar
• diffusion+balance B

Same kind of stuff with Nemovar:
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back to a simpler case (Debreu et al, 2016)

Linear 1D model {
∂u
∂t + c ∂u

∂x = 0, u(0) = u0 (2)

and classical var function

J(u0) =
1
2‖u0 − ub‖2

B−1 +
1
2

Nobs∑
i=1
‖Hiu(ti)− yi‖2

R−1
i

With B the implicit diffusion based operator and R a diagonal matrix.
let A be the Hessian of J and study its eigenvalues

16 -A multigrid tour- A. Vidard



eigenspectrum

Of the non-preconditionned Hessian A = B−1 + MT HT R−1HM

6 L. Debreu et al

size of the assimilation windows. At some point, the

preconditioned version behaves worse than the non

preconditioned version. This can be easily proved in

the case when the model is fully observed (H = Id)

since in that case it can be shown that:

K(ANP )K(AP ) = K(B)

3. If the system is not fully observed (HT H 6=
Id), but when there is one observation point

every Lobs/�x grid points, the eigenvalues may

become clustered if the background error correlation

length is relatively small. Indeed in this case, the

eigenvalue problem can be approximatively in p =

L/Lons similar eigenvalues problems between two

observation points.

The characteristics of the systems can thus be

studied as a function of the following parameters:

�b/�obs, Lcorr/�x, Lobs/�x, Nobs. Figures (1,2)

represent the eigenvalue spectrum of the unpreconditioned

and the preconditioned version of the algorithm for the

1DVAR case (Nobs = 1, the observations being at initial

time t0). Table (1) shows the corresponding condition

numbers.
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Figure 1. Eigenvalues spectrum of the non preconditioned version
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Figure 2. Eigenvalues spectrum of the preconditioned version

In the rest of the paper, Lobs/�x is fixed and equal to 16.

�b/�obs Lcorr/�x Lobs/�x NP P
10 20 4 1441483 1131
10 20 16 14427643 284
50 6 4 766 8439
50 6 16 66608 2660

Table 1. 1DVAR Condition numbers for the non preconditioned (NP)
version and for the preconditioned (P) version

We now suppose that observations are located at several

times ti with ti+1 = ti + Tobs where Tobs is fixed to

7.8125s. For a 2DVAR algorithm, extending the length

of the assimilation windows increases the weight on

the observation term and thus render the preconditioned

version less efficient. Figure (3) represents the eigenvalues

for different number of observation in times (1 (i.e.

1DVAR), 5 and 10).
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Figure 3. 2DVAR, non preconditioned (left), preconditioned (right), for
�b/�obs = 10, Lcorr/�x = 20

The corresponding condition numbers are indicated in

table (2).

Nobs Non preconditioned Preconditioned
1 14427643 284
5 1029078 1697

10 530060 3110
Table 2. 2DVAR Condition numbers, �b/�obs = 10, Lcorr/�x = 20

For the non preconditioned case, the extension of the length

of the assimilation window is associated with an increase

of the smallest eigenvalues due to the larger weight of the

observation term, the largest eigenvalues still coincide with

the ones of the B�1 matrix. Thus globally the condition

number decreases.

For the preconditioned case, the smallest eigenvalue is still

one while the largest eigenvalues increase with the weight

of the observation term. Globally the condition number

increases.

Copyright c� 0000 Royal Meteorological Society Q. J. R. Meteorol. Soc. 00: 2–17 (0000)

Prepared using qjrms4.cls
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Copyright c� 0000 Royal Meteorological Society Q. J. R. Meteorol. Soc. 00: 2–17 (0000)

Prepared using qjrms4.cls
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Ellipticity

For multi grid methods to be efficient one sought property is ellipticity, i.e.
small eigenvalues correspond to large scales. Let define the scale operator:

S(v) = ‖(I − I f
c Ic

f )v‖2

‖v‖2

that is close to one at small scales and small at large scales.
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2.3.1. Ellipticity

In a typical optimization method, the error relative to large

eigenvalues will be faster removed than the one relative

to the small eigenvalues. This is because a matrix-vector

product based iterative method will use as a basic ingredient

the residual (Ax � b = A(x � x?)) which will be small for

small eigenvalues even if the error (x � x?) itself has a large

amplitude. So it is important to identify the scales relatives

to the eigenvectors. These scales are here defined using a

filtering based on interpolation and restriction operators. If

v is an eigenvector, then the measured quantity is

S(v) =
k(I � If

c Ic
f )vk2

kvk2

and is small at large scales and closed to one at small scales.

On figure (4), S(v) is plotted for the N eigenvectors (N =

128) of the non preconditioned and the preconditioned

version.
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Figure 4. 2DVAR, non preconditioned (left), preconditioned (right), for
�b/�obs = 10, Lcorr/�x = 20

The characteristics of the non preconditioned version

with small eigenvalues (seen on figure (3)) corresponding

to large scales (seen on figure (4)) (and vice versa)

is characteristic of an elliptic system. In our data

assimilation problem, this characteristic mainly comes from

the background (or regularization) term which enables the

control of the small scales of the initial condition, a control

that could not be performed with the observation term only,

in particular in the case of a partially observed system. This

ellipticity is at the base of the use of multigrid methods that

are introduced in the new section for general linear systems.

On figure (4), it can be seen that the preconditioning

removes the ellipticity of the original matrix. The large

scales corresponds to large eigenvalues so that the large

scales component of the error will be first reduced. Note that

when the length of the assimilation windows is extended

has almost no effect on the eigenvectors of the non

preconditioned version while it has a strong impact on those

of the preconditioned version. In particular, it can be seen

(Figure (4, right) that the number of large scale modes in

increased. For Nobs = 10 (blue dashed curve), eigenvectors

from 65 to 100 now corresponds to medium to large scales.

Because they are still associated with small eigenvalues (cf

figure (3)), the reduction of error components along these

eigenvectors will be slow and can benefit from the use of a

coarser resolution grid.

The main idea of the multigrid method is that if they are

some large scale components that are slow to converge on

the high resolution grid, they will reduced faster and at a

smaller cost on a coarser resolution grid.

3. Multigrid methods

3.1. Multigrid methods: algorithm

Readers can refer to Briggs et al. (2000) for an excellent

introduction to the subject. The general idea is to begin

by reducing the small scale components of the error on

the current (high resolution) grid ⌦f . This is called the

pre-smoothing step and should be done in a few iterations

according to the ellipticity of the system (large eigenvalues

at small scales). The error is then smooth and can be

appropriately computed on a coarse resolution grid ⌦c

during the coarse grid correction step. The correction is then

interpolated back to the fine grid. Since the interpolation

operator can in turn produce small scale error components,

a post-smoothing step is finally applied.

The basic algorithm with two grid levels writes:

MULTIGRID(⌫1,⌫2,⌦f ,xf ,bf )

1. Pre-smoothing: Apply ⌫1 steps of an iterative method

S1 on a fine grid

Afxf = bf , xf = S⌫1
1 (xf , bf )

Copyright c� 0000 Royal Meteorological Society Q. J. R. Meteorol. Soc. 00: 2–17 (0000)

Prepared using qjrms4.cls
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eigenvalues will be faster removed than the one relative

to the small eigenvalues. This is because a matrix-vector

product based iterative method will use as a basic ingredient

the residual (Ax � b = A(x � x?)) which will be small for

small eigenvalues even if the error (x � x?) itself has a large

amplitude. So it is important to identify the scales relatives

to the eigenvectors. These scales are here defined using a

filtering based on interpolation and restriction operators. If

v is an eigenvector, then the measured quantity is

S(v) =
k(I � If

c Ic
f )vk2

kvk2

and is small at large scales and closed to one at small scales.

On figure (4), S(v) is plotted for the N eigenvectors (N =

128) of the non preconditioned and the preconditioned

version.

0 20 40 60 80 100 120

0

0.2

0.4

0.6

0.8

1 Nobs = 0

Nobs = 1

Nobs = 10

0 20 40 60 80 100 120

0

0.2

0.4

0.6

0.8

1

Nobs = 0

Nobs = 1
Nobs = 10

Figure 4. 2DVAR, non preconditioned (left), preconditioned (right), for
�b/�obs = 10, Lcorr/�x = 20

The characteristics of the non preconditioned version

with small eigenvalues (seen on figure (3)) corresponding

to large scales (seen on figure (4)) (and vice versa)

is characteristic of an elliptic system. In our data

assimilation problem, this characteristic mainly comes from

the background (or regularization) term which enables the

control of the small scales of the initial condition, a control

that could not be performed with the observation term only,

in particular in the case of a partially observed system. This

ellipticity is at the base of the use of multigrid methods that

are introduced in the new section for general linear systems.

On figure (4), it can be seen that the preconditioning

removes the ellipticity of the original matrix. The large

scales corresponds to large eigenvalues so that the large

scales component of the error will be first reduced. Note that

when the length of the assimilation windows is extended

has almost no effect on the eigenvectors of the non

preconditioned version while it has a strong impact on those

of the preconditioned version. In particular, it can be seen

(Figure (4, right) that the number of large scale modes in

increased. For Nobs = 10 (blue dashed curve), eigenvectors

from 65 to 100 now corresponds to medium to large scales.

Because they are still associated with small eigenvalues (cf

figure (3)), the reduction of error components along these

eigenvectors will be slow and can benefit from the use of a

coarser resolution grid.

The main idea of the multigrid method is that if they are

some large scale components that are slow to converge on

the high resolution grid, they will reduced faster and at a

smaller cost on a coarser resolution grid.

3. Multigrid methods

3.1. Multigrid methods: algorithm

Readers can refer to Briggs et al. (2000) for an excellent

introduction to the subject. The general idea is to begin

by reducing the small scale components of the error on

the current (high resolution) grid ⌦f . This is called the

pre-smoothing step and should be done in a few iterations

according to the ellipticity of the system (large eigenvalues

at small scales). The error is then smooth and can be

appropriately computed on a coarse resolution grid ⌦c

during the coarse grid correction step. The correction is then

interpolated back to the fine grid. Since the interpolation

operator can in turn produce small scale error components,

a post-smoothing step is finally applied.

The basic algorithm with two grid levels writes:

MULTIGRID(⌫1,⌫2,⌦f ,xf ,bf )

1. Pre-smoothing: Apply ⌫1 steps of an iterative method

S1 on a fine grid

Afxf = bf , xf = S⌫1
1 (xf , bf )
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the non ellipticity of the problem makes that the small scales of the errors are
not quickly reduced by the minimization method and this may lead, through
aliasing on the coarse grid, to a divergence of the multigrid cycles.

12 L. Debreu et al

µ
Lcorr/�x 20 10

P NP MGNP P NP MGNP
1 32 345 4 (54) 40 93 6 (109)

3/4 44 439 26 (411) 68 130 ⇥
Table 4. Number of fine grid iterations for Nobs = 10, N = 256 and a
perfect model (µ = 1)

increase. The introduction of diffusive error impacts the

controllability of the initial state. As it was shown in

section (4.2), the multigrid algorithm also suffers from a less

accurate approximation property and its behavior drastically

degrades. In the case of a relatively small correlation length

(Lcorr/�x = 10), the algorithm diverges. As previously

mentioned, results presented here have been done using the

MINRES algorithm as a smoother but they are worse with

the CG method. Figure (9) represents the true solution and

the evolution of the control after the first multigrid cycles. It

is clear that at the scales where the approximation property

is not valid, the error increases from one cycle to another.
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Figure 9. Evolution of the multigrid solution during the four first cycles
and comparison with the true solution of the optimal control problem.

It is of course possible to make the process converge by

increasing the number of pre- and post-smoothing steps, i.e.

using W (⌫, ⌫) cycles with ⌫ > 1 to maintain convergence.

The main difficult relies in the fact that, during these

fine grid smoothing steps not only the small scales of the

error have to be reduced but also the scales where the

approximation property is not valid and these are difficult

to predict so that ⌫ can become quite large. This scheme

clearly lacks of robustness. In addition, we would like to

be able to use more than 2 levels and the approximation

property still degrades as the number of levels is increased.

The way to make the process more robust is to use the

multigrid iteration as a preconditioner for an optimization

method instead of a direct solver.

5.4. Multigrid as a preconditioner

As seen previously, the multigrid method applied to our toy

data assimilation problem suffers from robustness due to

several problems: the ellipticty of the non preconditioned

version is not ensured particularly when background error

correlation length is small, some of the errors of the

numerical model (typically implicit diffusion) renders the

approximation property less accurate. These problems are

also common to several fields of application of multigrid

methods (e.g. convection-diffusion problems with upwind

discretizations see (Trottenberg et al. 2000, chap. 7)) and

can sometimes be solved using specialized smoothers.

Other methods have been developed to improve the

behavior in this context. Multigrid acceleration techniques

like the minimal residual method (Zhang 1998) or more

general recombination of iterates of the multigrid process

have been developed (Trottenberg et al. 2000, chap. 7).

Another possibility is to integrate one multigrid cycle as

a preconditioner for a Krylov minimization method. The

original system Ax = b can be left preconditioned as

K�1A = K�1b

where K�1 is an approximation of the inverse of A that

will be given by one multigrid iteration. Following Tatebe

(1993), the idea is here to choose K�1 as an operator which

corresponds to one multigrid cycle. Remind that in one

multigrid iteration the evolution of the error x � x? is given

by :

eafter = Mebefore, where M = S⌫2
2

�
I � If

c A�1
c Ic

fAf

�
S⌫1

1

(17)
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Course of actions

• Give up B preconditioning (and get rid of Anthony)
> we’ll still need the inverse

• Do more sweeps at fine resolution (that is what I did)
> It is getting too expensive

• Use the multi grid process within the preconditioning
(P): I f

c A−1
c Ic

f + (If − P f
c Ic

f )
T (I− P f

c Ic
f )

or
(NP): I f

c A−1
c Ic

f + (If − P f
c Ic

f )
T Bf (I− P f

c Ic
f )
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